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Abstract
Flows of one-dimensional continuum in Lagrangian coordinates are studied in the paper. Equations describing
these flows are reduced to a single Euler-Lagrange equation which contains two undefined functions. Particular
choices of the undefined functions correspond to isentropic flows of an ideal gas, different forms of the hyperbolic
shallow water equations. Complete group classification of the equation with respect to these functions is
performed.
Using Noether’s theorem, all conservation laws are obtained. Their analogs in Eulerian coordinates are
given.
Keywords: Gas dynamics equations, shallow water equations, Lie group, group classification, conservation
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1. Introduction
Modelling physical phenomena in continuum mechanics is considered in two distinct ways. The typical
approach uses Eulerian coordinates, where flow quantities at each instant of time during motion are described
at fixed points. Alternatively, the Lagrangian description is used, where the particles are identified by the
positions which they occupy at some initial time. Typically, Lagrangian coordinates are not applied in the
description of fluid motion. In practice such description is often too detailed and complicated, but it is always
implied in formulating physical laws [1]. However, in some special contexts the Lagrangian description is indeed
useful in solving certain problems.
Many models in fluid mechanics presented in Eulerian coordinates can be considered as a particular class of
the model described by the equations [2, 3]
ρ˙+ ρ div(u) = 0, ρu˙+∇∂ = 0,
∂ = ρ δWδρ −W = ρ
(
∂W
∂ρ − ∂∂t
(
∂W
∂ρ˙
)
− div
(
∂W
∂ρ˙ u
))
−W,
(1)
where W (ρ, ρ˙) is a given potential, ‘dot’ denotes the material time derivative: f˙ = dfdt = ft + u∇f and δWδρ
denotes the variational derivative of W with respect to ρ at a fixed value of u. In particular, the gas dynamics
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equations and the shallow water equations have the form (1). Equations (1) can be derived as Euler-Lagrange
equations in Lagrangian coordinates [2, 3]. The representation of equations (1) in the form of the Euler-Lagrange
equation allows one to use Noether’s theorem for constructing conservation laws [4].
In one-dimensional case Eulerian coordinates (t, x) and mass Lagrangian coordinates (t, s) are related by
the condition [1]
x = ϕ(t, s),
where the function ϕ(t, s) is a solution of the equation
ϕt(t, s) = u(t, ϕ(t, s)).
Here u(t, x) is the velocity in Eulerian coordinates which is related with the velocity u˜(t, s) in the mass Lagrange
coordinates by the relation [5]1
u˜(t, s) = u(t, ϕ(t, s)).
In [6] it was shown that one-dimensional equations (1) are equivalent to an Euler-Lagrange equation with
the Lagrangian of the form
L = ϕ
2
t
2
− ρ−1W (ρ, ρ˙) ,
where ρ = ϕ−1s and ρ˙ = −ϕ−2s ϕts.
The one-dimensional hyperbolic shallow water equations with linear bottom are derived from a particular
case, where W = W (ρ). For a nonlinear bottom one has to assume that the function W also depends on x.
The present paper is focused on Euler-Lagrange equations in Lagrangian coordinates, where
W = g˜(ρ) + ρ−1h(x).
The functions g˜ and h are arbitrary functions of their arguments. This case includes the hyperbolic shallow
water equations in different forms, and the isentropic gas dynamics equations. Group properties of the latter
equations in Eulerian coordinates were studied in [7, 8, 9, 10]. In [11, 12, 13, 14] group analysis was applied
to the gas dynamics equations of a polytropic gas in mass Lagrangian coordinates. Using Lagrangian and
Noether’s theorem, authors of [12] constructed conservation laws for letter mentioned equations in isotropic
case. For nonlinear case the same approach was used in [15]. Here we also should mention results of [16], where
nonlocal conservation laws were obtained.
The objective of the present paper is to perform group classification of the Euler-Lagrange equation with
respect to the functions g, h, where the Lagrangian has the form
L =
ϕ2t
2
+ g (ϕs) + h(ϕ). (2)
Applying Noether’s theorem, conservation laws are derived.
1Further we omit the sign˜as it is not ambiguous.
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2. The studied equation
Considering the Lagrangian (2), one derives the Euler-Lagrange equation δLδϕ = 0:
ϕtt +Gϕss −H = 0. (3)
where δδϕ is the variational derivative, G ≡ g′′, and H ≡ h′. In order to preserve hyperbolicity of equation (3)
it is assumed that G < 0.
In Eulerian coordinates, equation (3) reduces to the system of equations
ρt + uρx + ρux = 0,
ut + uux −G
(
1
ρ
)
ρ−3ρx −H(x) = 0.
(4)
In particular, for equations studied in [9]
G
(
1
ρ
)
= −γ1ρ2 (ρ+ γ2) , H(x) = 0,
and the second equation of (4) becomes
ut + uux + γ1
(
1 +
γ2
ρ
)
ρx = 0.
Another particular case of equations (4) was analyzed in [10], where equations with a variable bottom χ(x)
were considered. For this case
G
(
1
ρ
)
= −ρ3, H(x) = χ′(x),
and the second equation of (4) becomes
ut + uux + ρx − χ′ = 0.
3. Group classification of equation (3)
The first step in group classification consists of finding equivalence Lie group, which can be used for simpli-
fications of group classification.
3.1. Equivalence Lie group
Equation (3) contains the arbitrary functions G and H . Equivalence transformations saving a structure of
equations are able to change the arbitrary elements.
A generator of an equivalence Lie group [7] is assumed to be in the form
Xe = ξt∂t + ξ
s∂s + η∂ϕ + ζ
G∂G + ζ
H∂H ,
where ξt, ξs, η depend on (t, s, ϕ), and ζG, ζH depend on (t, s, ϕ,G,H).
Applying the prolonged generator to the system consisting of equation (3) and the equations
Gt = 0, Gs = 0, Gϕ = 0, Gϕt = 0,
Ht = 0, Hs = 0, Hϕs = 0, Hϕt = 0,
3
one obtains the following generators:
Xe1 = ∂t, X
e
2 = ∂s, X
e
3 = ∂ϕ,
Xe4 = t∂t + s∂s − 2H∂H − ϕs∂ϕs ,
Xe5 = s∂s + 2G∂G − ϕs∂ϕs ,
Xe6 = ϕ∂ϕ +H∂H + ϕs∂ϕs .
(5)
These generators define the equivalence Lie group of equation (3).
Notice that also there is the involution
ϕ 7→ −ϕ, H 7→ −H, (6)
which is also an equivalence transformation.
In particular cases of arbitrary elements the equivalence Lie group can be extended [7]. Extensions of the
equivalence Lie group (5) only occur for particular choices of the function H . These extensions are presented in
Table 1. Each column of the table lists the additional equivalence Lie group generators for the corresponding
particular functions H .
Table 1: Extensions of the equivalence Lie group
H = α H = αϕ, α 6= 0 H = eαϕ, α 6= 0 H = βϕα, β 6= 0
t∂ϕ,
s∂ϕ + ∂ϕs ,
t2∂ϕ + 2∂α
ϕ∂ϕ + ϕs∂ϕs ,
sinh(
√
αt)∂ϕ if α > 0,
cosh(
√
αt)∂ϕ if α > 0,
sin(
√
|α|t)∂ϕ if α < 0,
cos(
√
|α|t)∂ϕ if α < 0
t∂t + s∂s
− 2α∂ϕ − ϕs∂ϕs ,
(αϕ+ 1)∂ϕ − α2∂α
+αϕs∂ϕs
t∂t + s∂s − 2ϕα−1∂ϕ
+ 1+α1−αϕs∂ϕs ,
β∂β − ϕα−1∂ϕ − ϕsα−1∂ϕs
In the group classification the following equivalence transformations are used: the transformation corre-
sponding to the generator Xe3
ϕ 7→ ϕ+ ε1;
the transformation corresponding to the generator Xe4
t 7→ teε2 , s 7→ seε2 , H 7→ He−2ε2 ;
the transformation corresponding to generator t2∂ϕ + 2∂α
ϕ 7→ ϕ+ ε3t2, α 7→ α+ 2ε3;
and the transformation corresponding to generator s∂ϕ + ∂ϕs , which allows one to shift ϕs,
s 7→ sϕ+ ε4s, ϕs 7→ ϕs + ε4.
3.2. Admitted Lie group
A generator admitted by equation (3) is considered in the form
X = ξt∂t + ξ
s∂s + η∂ϕ,
4
where its coefficients depend on (t, s, ϕ).
ξs = C1s+ C2, η =
(
1
2
ξtt + C3
)
ϕ+ τ1s+ τ2,
where the constants C1, C2, C3 and the functions τ1(t) , τ2(t) and ξ
t = ξt(t) satisfy the classifying equations
((
1
2ξ
t
t + C3 − C1
)
ϕs + τ1
)
G′ + 2(ξtt − C1)G = 0,((
1
2ξ
t
t + C3
)
ϕ+ τ2
)
H ′ − (C3 − 32ξtt)H − 12ξttttϕ− τ ′′2 = 0,
τ1H
′ − τ ′′1 = 0.
(7)
Notice that here and further on Ci are constant.
The kernel of admitted Lie algebras is derived by splitting equations (7) with respect to G, G′, H and H ′.
Its basis consists of the generators
X1 = ∂t, X2 = ∂s. (8)
Extensions of the kernel of admitted Lie algebras occur for particular cases of the functions G and H . Further
these particular cases are derived.
Differentiating the third equation of system (7) by ϕ, one obtains
τ1H
′′ = 0
Hence, the analysis of system (7) is split into the cases: a linear function H , i.e. H ′′ = 0, and a nonlinear
function H , i.e. τ1 = 0.
3.3. The function H is linear
For linear function H , i.e.,
H = αϕ+ β,
where α and β are constant, one can assume that β = 0. Indeed, if α = 0, then, using the equivalence
transformations corresponding to the generator t2∂ϕ + 2∂β, one can assume that β = 0. If α 6= 0 then one can
reduce β by the equivalence transformations corresponding to the generator Xe3 .
3.3.1. Case of H = 0
Substituting H = 0 in (7), one obtains
τ ′′1 = 0, τ
′′
2 = 0, ξ
t
ttt = 0.
It follows that
ξt = K1t
2 +K2t+K3, τ1 = A1t+A2, τ2 = B1t+B2,
where Ai, Bi, Ki are constant. Substituting the latter relations into (7) and splitting by t, one derives that
(K1ϕs +A1)G
′ + 4K1G = 0,((
1
2K2 + C3 − C1
)
ϕs + A2
)
G′ + 2(K2 − C1)G = 0.
(9)
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For an arbitrary function G one obtains that
K1 = 0, A1 = 0, A2 = 0, K2 = C1 = 2C3,
and the extension of the kernel (8) is defined by the generators
∂ϕ, t∂ϕ, t∂t + s∂s + ϕ∂ϕ. (10)
From system (9) one can conclude that there exist constants a, b and c such that
(aϕs + b)G
′ + cG = 0. (11)
By virtue of the equivalence transformations, for finding extensions of (10) one needs to study two representations
of the functions G.
The first form of G is
G = −eµϕs ,
where µ 6= 0 is constant. Substituting G into (9), one obtains that
K1 = 0, A1 = 0, K2 = 2(C1 − C3), 2(C1 − 2C3) + µA2 = 0.
The extension of (10) is defined by the generator
t∂t − 2s
µ
∂ϕ.
The second form of the function G is defined by the generators
G = −ϕλs ,
where λ is constant such that λ(1 − λ) 6= 0. Substituting G into (9), one obtains that
A1 = 0, A2 = 0, K1(λ+ 4) = 0, (λ+ 4)K2 − 2C1(λ+ 2) + 2λC3 = 0.
If λ = −4, then C1 = 2C3, and the extension of (10) is
2t∂t + ϕ∂ϕ t
2∂t + tϕ∂ϕ.
If λ = −2, then K1 = 0 and K2 = 2C3. The extension of (8) is
s∂s, t∂t + ϕ∂ϕ.
If (λ+ 4)(λ+ 2) 6= 0, then
K1 = 0, K2 =
2C1(λ+ 2)− 2λC3
λ+ 4
,
and the extension of (10) is
t∂t − 2
λ
ϕ∂ϕ.
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3.3.2. Case of H = αϕ, α 6= 0
It follows from system (7) that
((
1
2ξ
t
t + C3 − C1
)
ϕs + τ1
)
G′ + 2(ξtt − C1)G = 0,
ξtttt = 4αξ
t
t , τ
′′
1 = ατ1 τ
′′
2 = ατ2.
(12)
If G is an arbitrary function, then
ξtt = C1 = C3 = 0, τ1 = 0,
The extension of (8) is defined by the generators
sin
√
|α|t∂ϕ, cos
√
|α|t∂ϕ, α < 0,
cosh
√
αt∂ϕ, sinh
√
αt∂ϕ, α > 0.
(13)
As in the previous case, one has to study two forms of the function G. The first form is
G = −eµϕs ,
where µ 6= 0 is constant. Substituting G into (7), one gets
C1 = C3 = 0, ξ
t
t = 0, τ1 = 0, τ
′′
2 − ατ2 = 0.
In this case there is no an extension of (13).
Another form of G is
G = −(ϕs + c)λ,
where λ and c are constant, such that λ(1 − λ) 6= 0. Substituting G into the first equation of (7), one obtains
(λ+ 4)ξtt − 2(λ+ 2)C1 + 2λC3 = 0, τ1 =
2c(ξtt − C1)
λ
, c(3ξtt + C1) = 0.
If c 6= 0 then
ξtt = 0, τ1 = 0, C1 = 0, C3 = 0,
and there is no an extension of (13) in this case.
If c = 0, then τ1 = 0. Integrating the last three equations of system (12), one obtains
ξt = A3 +


A1 sin 2
√
|α|t+A2 cos 2
√
|α|t, α < 0,
A1 sinh 2
√
αt+A2 cosh 2
√
αt, α > 0;
τ2 =


B1 sin
√
|α|t+ B2 cos
√
|α|t, α < 0,
B1 sinh
√
αt+B2 cosh
√
αt, α > 0,
(14)
where Ai, Bi are constant. Substituting (14) into the first equation of system (12), one derives that
B1 = 0, B2 = 0,
√
|α|(λ + 4)A1 + C1(2 + λ)− λC3 = 0,
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and
(λ+ 4)
√
|α|(A2 sin 2
√
|α|t− 2A1 cos2
√
|α|t) = 0, α < 0;
(λ+ 4)
√
α(A2 sinh 2
√
αt− 2A1 cosh2
√
αt) = 0, α > 0.
Then, for any λ 6= 0 the following extension of (13) occurs
s∂s +
2 + λ
λ
ϕ∂ϕ.
If λ = −4, then there are additional to (13) generators
sin 2
√
|α|t∂t +
√
|α|ϕ cos 2
√
|α|t∂ϕ, α < 0;
sinh 2
√
αt∂t +
√
αϕ cosh 2
√
αt∂ϕ, α > 0,
and
cos 2
√
|α|t∂t −
√
|α|ϕ sin 2
√
|α|t∂ϕ, α < 0;
cosh 2
√
αt∂t +
√
αϕ sinh 2
√
αt∂ϕ, α > 0.
3.4. The function H is nonlinear
As mentioned for the nonlinear function H one has that τ1 = 0. System (7) becomes
(
1
2ξ
t
t + C3 − C1
)
ϕs
G′
G + 2(ξ
t
t − C1) = 0,((
1
2ξ
t
t + C3
)
ϕ+ τ2
)
H ′ − (C3 − 32ξtt)H − 12ξttttϕ− τ ′′2 = 0.
(15)
Recall that
ξt = ξt(t), ξs = C1s+ C2, η =
(
1
2
ξtt + C3
)
ϕ+ τ2(t).
Differentiating the first equation of system (15) with respect to ϕs, one obtains(
1
2
ξtt + C3 − C1
)(
ϕs
G′
G
)′
= 0.
Case of
(
ϕs
G′
G
)′
6= 0. The latter equation and the first equation of (15) gives that
ξtt = C1, C3 = C1/2.
The second equation of (15) becomes
(C1ϕ+ τ2)H
′ + C1H − τ ′′2 = 0.
Differentiating the latter equation by ϕ and then by t, one gets that τ ′2H
′′ = 0, which gives that τ2 is constant,
and
(C1ϕ+ τ2)H
′ + C1H = 0, (16)
Notice, that, if C1 = 0, then for the nonlinear H , one has that τ2 = 0, which does not lead to an extension
of the kernel (8). Hence, one needs to consider the case C1 6= 0. By virtue of the equivalence transformations
one can assume that the function H has the form
H = βϕ−1,
where β 6= 0 is constant. Substituting the latter relation into (16), one derives that τ2 = 0, and G is an arbitrary
nonlinear function. Thus, for
(
ϕs
G′
G
)′
6= 0 the extension of (8) is given by the generator
t∂t + s∂s + ϕ∂ϕ.
8
Case of
(
ϕs
G′
G
)′
= 0. Here
G = −(ϕs + c)λ,
where c and λ 6= 0 are constant. By virtue of the nonlinearity of G, one has that (λ− 1)λ 6= 0.
Substituting the latter relation into the first equation of system (15), one derives the following system of
equations
c(ξtt − C1) = 0,
(λ+ 4)ξtt − 2C1(λ+ 2) + 2λC3 = 0.
(17)
If c 6= 0, then ξtt = C1, C3 = C1/2, and the equation for H becomes (16). This case was studied above.
Hence, one needs to consider c = 0, i.e. the function G = −ϕλ.
Differentiating the second equation of system (15) twice by ϕ, and then by t, one gets
5ξtttH
′′ + (ξtttϕ+ 2τ
′
2)H
′′′ = 0. (18)
First we analyze the case H ′′′ 6= 0. Differentiating (18) by ϕ, one obtains
ξttt
(
5
(
H ′′
H ′′′
)′
+ 1
)
= 0. (19)
Thus, one ends up with the following cases.
Case
(
H′′
H′′′
)′
= −1/5. Integrating one finds that
H = α(ϕ+ δ)−3 + βϕ+ ε,
where α 6= 0, β and ε, δ are constant. By virtue of the equivalence transformation corresponding to the generator
Xe3 one can assume δ = 0.
Substituting H into system (15), one gets
(λ + 4)ξttt + 2(C3 − C1)λ− 4C1 = 0,
(ξtttt − 4βξtt)ϕ+ 2α(4C3ϕ−3 + 3τ2ϕ−4) + ε(2C3 − 3ξtt) + 2(τ ′′2 − βτ2) = 0.
(20)
Splitting the latter equation with respect to ϕ, system of equations (17), (20) reduces to the equations
C3 = 0, τ2 = 0,
(λ+ 4)ξtt − 2(λ+ 2)C1 = 0,
ξtttt − 4βξtt = 0, εξtt = 0.
(21)
Notice that if ε 6= 0, then extension of (8) only occurs for λ = −2, and it is defined by the generator s∂s. Hence,
it is assumed that ε = 0.
(i) If λ = −4, then C1 = 0, and system (21) gives that ξt must satisfy the following equation
ξtttt − 4βξtt = 0.
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If β = 0, then ξtttt = 0 and one derives that the extension of (8) is
∂ϕ, t∂ϕ, 2t∂t + ϕ∂ϕ t
2∂t + 2tϕ∂ϕ.
If β 6= 0, then the extensions of (8) are
sin 2
√
|β|t∂t +
√
|β|ϕ cos 2
√
|β|t∂ϕ, β < 0,
sinh 2
√
βt∂t +
√
βϕ cosh 2
√
βt∂ϕ, β > 0,
and
cos 2
√
|β|t∂t −
√
|β|ϕ sin 2
√
|β|t∂ϕ, β < 0,
cosh 2
√
βt∂t +
√
βϕ sinh 2
√
βt∂ϕ, β > 0.
Notice, that for H = αϕ−3 + βϕ and G = −ϕ−4 the extensions coincide with the case where α = 0.
(ii) If λ = −2, then the extension of (8) is defined by the generator s∂s.
(iii) If (λ+ 2)(λ+ 4) 6= 0, then, form (21), one gets
ξtt = 2C1
λ+ 2
λ+ 4
, βC1(λ+ 2) = 0.
The extension of (8) only occurs for β = 0:
2t∂t +
λ+ 4
λ+ 2
s∂s + ϕ∂ϕ.
Case of
(
H′′
H′′′
)′
6= −1/5. Recall that in this case ξttt = 0, i.e.,
ξt = A1t+A2,
where Ai are constant. System (15) becomes
(λ+ 4)A1 − 2(λ+ 2)C1 + λC3 = 0,
((A1 + 2C3)ϕ+ 2τ2)H
′ + (3A1 − 2C3)H − 2τ ′′2 = 0.
(22)
Differentiating the second equation of (22) with respect to ϕ and t, one obtains that τ2 is constant, and analysis
of the second equation of (22) leads to the study of two types of the function: H = eαϕ, where α 6= 0, and
H = βϕα, where α(1− α) 6= 0.
(i) If H = eαϕ, then system (22) reduces to the equations
(λ+ 2)C1 + 4C3 = 0, A1 = −2C3, ατ2 = 4C3.
If λ 6= −2, then τ2 = 4C3/α and C3 = −C1(λ+ 2)/4. Hence, the extension of (8) is
t∂t +
2
2 + λ
s∂s − 2
α
∂ϕ.
If λ = −2, then C3 = 0 and τ2 = 0, and the only extension of the kernel (8) is given by the generator s∂s.
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(ii) In case of H = βϕα, one notices that from the condition
(
H′′
H′′′
)′
6= −1/5 implies that α 6= −3.
The second equation of system (22) leads to the equations
τ2 = 0, A1 = 2
1− α
3 + α
C3.
If λ 6= −2, then
C1 =
4C3(λ− α+ 1)
(λ+ 2)(α+ 3)
,
and the extension of the kernel (8) is defined by the generator
t∂t +
2(α− λ− 1)
(2 + λ)(α − 1)s∂s +
2ϕ
1− α∂ϕ. (23)
If λ = −2, then the first equation of system (22) reduces to
C3(α+ 1) = 0.
If α 6= −1, then C3 = 0, and the extension of the kernel (8) is defined by the generator s∂s. If α = −1,
then the extension of (8) is
s∂s, t∂t + ϕ∂ϕ.
Case of H ′′′ = 0. In this case it follows that
H = αϕ2 + βϕ+ δ,
where α 6= 0, β, δ are constant, and the constant δ can be vanished by equivalence transformations.
Splitting the second equation of (15), and using the second equation of (17), one obtains
ξtt = 2
λ+ 2
1− λC1, C3 = −5
λ+ 2
1− λC1, τ2 = 0.
In this case the extension of the kernel (8) is defined by the generator
(λ+ 2)(t∂t − 2ϕ∂ϕ) + 2(1− λ)s∂s.
Notice that this is just a particular case of (23).
Results of the presented above classifications are given in Table 2 and Table 3. Table 2 contains extensions
of the kernel of admitted Lie algebras, where one of the functions, either G or H , is arbitrary. The columns
of the table correspond to different functions H , and the rows correspond to different functions G. On the
intersection of the columns and the rows the extensions of (8) are presented. Generators provided in Table 3
extend the contents of Table 2. Constraints on the values of constants are included in the table.
Remark. A polytropic gas corresponds to the function G = −ϕλs [5], where λ and the polytropic exponent
γ are related by the formula λ = −γ − 1. In particular, for the hyperbolic shallow water equations λ = −3 [6].
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Table 2: Extensions of (8) (arbitrary G or H).
H = H(ϕ) H = 0 H = αϕ, α 6= 0 H = βϕ−1, β 6= 0
G = G(ϕs)
X1 = ∂t,
X2 = ∂s
X3 = ∂ϕ,
X4 = t∂ϕ,
X5 = t∂t + s∂s + ϕ∂ϕ
X3 =


sin
√
|α|t∂ϕ, α < 0,
sinh
√
αt∂ϕ, α > 0,
X4 =


cos
√
|α|t∂ϕ, α > 0,
cosh
√
αt∂ϕ, α > 0.
X3 = t∂t + s∂s + ϕ∂ϕ.
G = −ϕ−2s X3 = s∂s –
Table 3: Extensions of (8).
H = 0
H = βϕ−3 + αϕ,
α 6= 0
H = eαϕ,
α 6= 0
H = βϕα,
α 6= 0, 1, β 6= 0
G = −eµϕs ,
µ 6= 0
X6 = t∂t − 2µs∂ϕ – – –
G = −ϕλs
λ 6= 0, 1
X6 = t∂t − 2λϕ∂ϕ
if λ = −4 :
X7 = t
2∂t + tϕ∂ϕ
if β = 0 :
X5 = s∂s +
1
λ(2 + λ)ϕ∂ϕ.
if λ = −4 :
X6 =


sin 2
√
|α|t∂t +
√
|α|ϕ cos 2
√
|α|t∂ϕ, α < 0,
sinh 2
√
αt∂t +
√
αϕ cosh 2
√
αt∂ϕ, α > 0,
X7 =


cos 2
√
|α|t∂t −
√
|α|ϕ sin 2
√
|α|t∂ϕ, α < 0,
cosh 2
√
αt∂t +
√
αϕ sinh 2
√
αt∂ϕ, α > 0.
if λ 6= −2 :
X3 = t∂t
+ 22+λs∂s
− 2α∂ϕ.
if λ 6= −2 :
X3 = t∂t
+ 2(α−λ−1)(2+λ)(α−1)s∂s
+ 2ϕ1−α∂ϕ.
if λ = −4, α = −3
X4 = t
2∂t + tϕ∂ϕ
4. Conservation laws
Noether’s theorem allows one to find conservation laws for the obtained equations using the Lagrangian (2)
and the found admitted symmetries [4]. The theorem states that if a Lagrangian L is invariant of the action of
a symmetry X , i.e.,
XL+ L (Dtξt +Dsξs) = Dt(V t) +Ds(V s),
then the Euler-Lagrange equation (3) possesses the following conservation law
Dt(T
t) +Ds(T
s) = Dt
(
ξtL+ ζ ∂L
∂ϕt
− V t
)
+Ds
(
ξsL+ ζ ∂L
∂ϕs
− V s
)
= 0,
where ζ = η − ξtϕt − ξsϕs.
If the vector (V t, V s) is not a zero vector, the conservation law is also called a divergent one.
Conservation laws in Lagrangian coordinates and their representations in Eulerian coordinates are listed in
Table 4 and Table 5 respectively. Note also that there are conservation laws in Lagrange coordinates which
have no representations in Eulerian coordinates.
5. Conclusion
Comprehensive analysis of equation (3) is given in the present paper. Equation (3) describes a motion of
continuum (1) in Lagrangian coordinates. It contains two arbitrary functions G(ϕs) and H(ϕ). Particular
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choices of these functions correspond to different models studied in continuum mechanics, such as, isentropic
flows of an ideal gas [5], different types of hyperbolic shallow water equations [9, 17]. One of the objectives of
the present paper is to derive conservation laws of a continuum defined by equation (3).
As equation (3) is an Euler-Lagrange equation, for constructing conservation laws we used Noether’s theorem.
To apply Noether’s theorem, first complete group analysis of equation (3) is performed. Results of the group
classification are given in Table 2 and Table 3. The group classification separates out the nonlinear function
G into the following forms: either the function G is arbitrary or it has the exponential form −eµϕs or the
polynomial form −ϕλs , where µ and λ are constant. All extensions of the kernels of admitted Lie algebras are
found. These extensions occur for a particular cases of the function H .
Second using Noether’s theorem, the conservation laws of equation (4) were obtained in Lagrangian. Their
representations in Eulerian coordinates were also presented. It should be noted that some of the conservation
laws have no their counterpart in Eulerian coordinates. All found conservation laws are listed in Table 4 and
Table 5.
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Table 4: Conservation laws in Lagrangian coordinates
G H X conditions conservation law (T t, T s), where g′′ ≡ G, h′ ≡ H
G(ϕs)
H(ϕ)
∂t -
(
1
2ϕ
2
t − g − h, ϕtg′
)
∂s -
(
ϕtϕs, ϕsg
′ − 12ϕ2t − g − h
)
0
∂ϕ - (ϕt, g
′)
t∂ϕ - (tϕt − ϕ, tg′)
αϕ
sin
√
|α|t∂ϕ α < 0
(√
|α|ϕ cos
√
|α|t− ϕt sin
√
|α|t, −g′ sin
√
|α|t
)
cos
√
|α|t∂ϕ α < 0
(√
|α|ϕ sin
√
|α|t+ ϕt cos
√
|α|t, g′ cos
√
|α|t
)
sinh
√
αt∂ϕ α > 0 (
√
αϕ cosh
√
αt− ϕt sinh
√
αt, −g′ sinh√αt)
cosh
√
αt∂ϕ α > 0 (
√
αϕ sinh
√
αt− ϕt cosh
√
αt, −g′ cosh√αt)
−eµϕs ,
µ 6= 0 0
3∂t + s∂s +
(
ϕ− 4µs
)
∂ϕ -
(
3
2 tϕt
2 − (ϕ− (ϕs + 4µ−1) s)ϕt + 3 teµϕsµ−2,
− 12 sϕt2 − µ−2eµϕs [(µϕs + 3) s+ µ(3 tϕt − ϕ)]
)
−(ϕs + c)λ,
λ 6= 0, 1
0
(3λ+ 4)t∂t
+(λ+ 4)s∂s + λϕ∂ϕ
-
( (
3
2 λ+ 2
)
tϕt
2 + ((λ+ 4)ϕss− λϕ)ϕt
+
(
3λ+4
(λ+1)(λ+2) ϕs
λ+2
)
t,
−(λ+ 4)sϕ2t
(
1
λ+2ϕ
λ
s +
1
2
)
− 1λ+1 tϕsλ+1 ((3λ+ 4)ϕt + λϕ)
)
2t∂t + ϕ∂ϕ λ = −4
(
3ϕt (tϕt − ϕ) + tϕs−2, ϕs−3 (2tϕt − ϕ)
)
t2∂t + tϕ∂ϕ λ = −4
( (
3ϕt
2 + ϕs
−2
)
t2 − 3ϕ (2ϕtt− ϕ) , 2 tϕs−3 (tϕt − ϕ)
)
αϕ
2s∂s − ϕ∂ϕ
λ = −4/3,
c = 0
(
(2sϕs + α)ϕt, −
(
9ϕ
2/3
s + ϕ2t + αϕ
2
)
s− 3ϕ−1/3s (2sϕs + ϕ)
)
cos 2
√
|α|t∂t
−
√
|α|ϕ sin 2
√
|α|t∂ϕ
λ = −4,
α < 0
(
cos 2
√
|α|t
(
3ϕt
2 + 3αϕ2 + ϕs
−2 + 6
√
|α|ϕϕt sin 2
√
|α|t
)
,
2ϕ−3s
(
ϕt cos 2
√
|α|t+
√
|α|ϕ sin 2
√
|α|t
))
sin 2
√
|α|t∂t
+
√
|α|ϕ cos 2
√
|α|t∂ϕ
λ = −4,
α < 0
(
sin 2
√
|α|t
(
3ϕt
2 + 3αϕ2 + ϕs
−2 − 6
√
|α|ϕϕt cos 2
√
|α|t
)
,
2ϕ−3s
(
ϕt sin 2
√
|α|t−
√
|α|ϕ cos 2
√
|α|t
))
1
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Table 4 – Conservation laws in Lagrangian coordinates (continued)
cosh 2
√
αt∂t
+
√
αϕ sinh 2
√
αt∂ϕ
λ = −4,
α > 0
(
cosh 2
√
αt
(
3ϕt
2 + 3αϕ2 + ϕs
−2 − 6√αϕϕt sinh 2
√
αt
)
,
2ϕ−3s (ϕt cosh 2
√
αt−√αϕ sinh 2√αt)
)
sinh 2
√
αt∂t
+
√
αϕ cosh 2
√
αt∂ϕ
λ = −4,
α > 0
(
sinh 2
√
αt
(
3ϕt
2 + 3αϕ2 + ϕs
−2 − 6√αϕϕt cosh 2
√
αt
)
,
2ϕ−3s (ϕt sinh 2
√
αt−√αϕ cosh 2√αt)
)
βϕα
t∂t +
α+3
α−1s∂s +
2ϕ
1−α∂ϕ
λ = − 8α+5 ,
α 6= ±1, 3,−5,
c = 0
(
tϕ2
t
2 +
((α+3)sϕs+2ϕ)ϕt
α−1 +
t
α+1
(
(α+5)2
2(α−3) ϕ
2(α+1)
α+5
s − βϕα+1
)
,
t(α+5)
(3−α) ϕtϕ
α−3
α+5
s − α+32(α−1)sϕ2t + 2(α+5)(3−α)(α−1)ϕϕ
α−3
α+5
s
+ (α+3)s2(α2−1)
(
(α+ 5)ϕ
2(1−α)
α+5
s − 2βϕα+1
))
t2∂t + tϕ∂ϕ
λ = −4,
α = −3,
c = 0
( (
3ϕt
2 + 3βϕ−2 + ϕs
−2
)
t2 − 3ϕ (2tϕt − ϕ) ,
2 tϕ−3s (tϕt − ϕ)
)
Table 5: Conservation laws in Eulerian coordinates
G H X conditions conservation law (T t, T x), where g′′ ≡ G, h′ ≡ H
G
(
1
ρ
)
H(x)
∂t -
(
ρ
(
u2 − 2 g − 2 h) , 2u (g′ + ( 12u2 − g − h) ρ))
∂s -
(
u, 12u
2 − g − h+ ρ−1g′)
0
∂ϕ -
(
ρu, ρu2 + g′
)
t∂ϕ - (ρ (x− tu) , uρ (x− tu)− tg′)
αϕ
sin
√
|α|t∂ϕ α < 0
(
ρ(
√
|α|x cos
√
|α|t− u sin
√
|α|t),
xρu
√|α| cos√|α|t− (u2ρ+ g′) sin√|α|t)
cos
√
|α|t∂ϕ α < 0
(
ρ(
√
|α|x sin
√
|α|t+ u cos
√
|α|t),
xρu
√
|α| sin
√
|α|t+ (u2ρ+ g′) cos
√
|α|t
)
sinh
√
αt∂ϕ α > 0
(
ρ(
√
αx cosh
√
αt− u sinh√αt),
xρu
√
α cosh
√
αt− (u2ρ+ g′) sinh√αt
)
1
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Table 5 – Conservation laws in Eulerian coordinates (continued)
cosh
√
αt∂ϕ α > 0
(
ρ(
√
αx sinh
√
αt− u sinh√αt),
xρu
√
α sinh
√
αt− (u2ρ+ g′) cosh√αt
)
−(ϕs + c)λ,
λ 6= 0, 1
0
2t∂t + ϕ∂ϕ λ = −4
(
ρ
((
u2 + 13 ρ
2
)
t− ux) ,
ρ
(
u
(
ρ2 + u2
)
t− (u2 + 13 ρ2)x))
t2∂t + tϕ∂ϕ λ = −4
(
ρ ((13 ρ
2 + u 2) t2 − x (2 t u− x))
ρ
(
(ρ2 + u2)ut2 − 2x(13ρ2 + u2)t+ ux2
))
αϕ
cos 2
√
|α|t∂t
−
√
|α|ϕ sin 2
√
|α|t∂ϕ
λ = −4,
α < 0
(
ρ
(
xu
√
|α| sin 2
√
|α|t+ 12
(
u2 − |α|x2 + 13ρ2
)
cos 2
√
|α|t
)
,
ρ
(√
|α|x (u2 + 13ρ2) sin 2√|α|t+ 12 u (u2 − |α|x2 + ρ2) cos 2√|α|t))
sin 2
√
|α|t∂t
+
√
|α|ϕ cos 2
√
|α|t∂ϕ
λ = −4,
α < 0
(
ρ
(
xu
√
|α| cos 2
√
|α|t− 12
(
u2 − |α|x2 + 13ρ2
)
sin 2
√
|α|t
)
,
ρ
(√
|α|x (u2 + 13ρ2) cos 2√|α|t− 12 u (u2 − |α|x2 + ρ2) sin 2√|α|t))
cosh 2
√
αt∂t
+
√
αϕ sinh 2
√
αt∂ϕ
λ = −4,
α > 0
(
ρ
(
xu
√
α sinh 2
√
αt− 12
(
u2 + αx2 + 13ρ
2
)
cosh 2
√
αt
)
,
ρ
(√
αx
(
u2 + 13ρ
2
)
sinh 2
√
αt− 12 u (u2 + αx2 + ρ2) cosh 2
√
αt
) )
sinh 2
√
αt∂t
+
√
αϕ cosh 2
√
αt∂ϕ
λ = −4,
α > 0
(
ρ
(
xu
√
α cosh 2
√
αt− 12
(
u2 + αx2 + 13ρ
2
)
sinh 2
√
αt
)
,
ρ
(√
αx
(
u2 + 13ρ
2
)
cosh 2
√
αt− 12 u (u2 + αx2 + ρ2) sinh 2
√
αt
) )
βϕα t2∂t + tϕ∂ϕ
λ = −4,
α = −3,
c = 0
(
ρ
((
1
3ρ
2 + u2 + βx−2
)
t2 − x(2tu − x)) ,
ρ
(
(ρ2 + u2 + βx−2)t2u− 2tx ( 13ρ2 + u2)+ ux2) )
1
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